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Membrane Phenomena in Nonisothermal Systems: Part 1.

Theory
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Theoretical equations for the thermoosmosis and thermal membrane potential across a charged membrane were
derived using a set comprising the energy flux and the coupled logarithmic temperature-difference force as a dissipation
function of irreversible processes. In order to obtain phenomenological equations in discontinuous systems by integrating
phenomenological equations in continuous systems, it was assumed that temperature and total chemical potential are
continuous at the interface between the membrane and the external solution. The new equations were compared with
approximate equations derived previously from a set comprising the entropy flux and the coupled temperature-difference
force as the dissipation function. Moreover, an equation for the thermal membrane potential was also derived using an
alternative method by summing two parts: the equilibrium potential differences between the membrane and the external
solutions on both sides of the membrane (two Donnan potentials) and the thermal-diffusion potential in the membrane.

To analyze nonisothermal membrane systems, in general,
most of the theories derived by using nonequilibrium ther-
modynamics have included a dissipation function consisting
of the product of a heat flux and the coupled logarithmic tem-
perature difference, and the product of a mass flux and the
coupled isothermal chemical potential difference.!— How-
ever, these theories could not clearly predict the concentra-
tion dependence of nonisothermal membrane phenomena,
since the concentration dependence of the heat of transport
or the Soret coefficient is not yet known. Therefore, in order
to predict concentration dependence of nonisothermal mem-
brane phenomena a set comprising the entropy flux and the
coupled temperature-difference force was used as a dissipa-
tion function of irreversible processes.”~® The theory, based
on the entropy flux, is convenient to analyze the concentra-
tion dependence of membrane phenomena and the stability
of the state of components in the membrane. However, since
a membrane is not an infinitely thin film, but has a finite
thickness, we must use an approximate method which as-
sumes the entropy flux to be nearly constant over the range
of small temperature differences when the phenomenological
equations are integrated across the membrane.

In this study a set comprising an energy flux and the cou-
pled logarithmic temperature-difference force was selected
as the dissipation function of irreversible processes. This
was because the energy flux can be treated as a constant in a
steady state due to the conservation of energy when the phe-
nomenological equations are integrated across the membrane
and the phenomenological equations derived from this dis-
sipation function can also clearly predict the concentration
dependence of nonisothermal membrane phenomena. The
equations derived in this study were compared with approx-
imate equations previously obtained by using a set compris-
ing the entropy flux and the coupled temperature-difference

force>™®

Theory

If there is no chemical reaction in a system and the fluid is
not viscous, the dissipation function is written as®—'

@ =—Jg-grad(In T) — > _ Ji-(grad fir)r
=—Je-grad(ln T) — > _ Ji-grad i

=—Js-gradT—ZJi-gradﬁi, @

where Jy, Je, Js, and J; are the heat flux, the energy flux, the
entropy flux, and the mass flux of component i. Moreover,
T is the absolute temperature and f; is the total chemical
potential of component i. Among these fluxes the following
relationships hold:

Je=Jq+Y_sTI;
=TI, )
where s; is the partial molar entropy of component i. Then J,
may be regarded as being the sum of the heat flux and the part
due to the mass flux. If we write down phenomenological

equations for the energy flux (/) and the mass flux (J;) we
obtain

—Jo =Lgqgrad (InT) + Z Lygradji,, - (3a)
—Ji=Liggrad In )+ » Ly gradfi, (3b)
» j
where Zaﬂ is the phenomenological coefficient and the over-
bar refers to the membrane phase.

In order to take into account the fact that the membrane
is not infinitely thin film, but has a finite thickness, we now
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adopt the method which was used by Kirkwood in isothermal
systems.'? The energy flux (J) and the mass flux (J;) may
be treated as a constant in a steady state because the mass
and energy are conserved. By solving Eq. 3 for the forces
and integrating them from one side of the membrane (0) to
the other (&), while keeping the fluxes constant, we obtain
Egs. 4a and 4b. Then, we assume that the temperature (T)
and the total chemical potential (f;) are continuous at the
interface between the membrane phase and the external so-
lution phase, although the electric potential and the pressure
are not continuous (Fig. 1).>¥

é _
—/ grad(ln T)dx=—Aln T
0
=—AInT
I} o
= / RygJedr + / RyiJidx
0 0

=roqle+ Y roili (4a)

[
—/ grad i,dx=—Aln i,
0

=—Aln ﬂ,‘
] )
= / RigJedx+ / R;J;dx
0 0
=r,~qJe+Zr,-ij, (4b)
J
where
|Z|a,8
—— =Ry, 5
IZ| o (52)
o)
Tpa = /0 Rpn(x)dx. (5b)

The A indicates the difference between the two fluid phases
on both sides of the membrane, |L| is the determinant of the
matrix Lgg, |L|4p is the appropriate cofactor, and o is the
thickness of the membrane. By solving Eq. 4 for the fluxes,
we obtain

—Je=LegAln T+ LyAf, (62)

—Ji=LgAIn T+ LA, (6b)
J

where

Solution
phase

Membrane
phase

Solution
phase

T®)=T@):T + AT
10) = B,0):, + A,
B (8) = 1)
P(®)=P®)

FO) =p @)y + Ay

T:7(0) = T(0)
w:1,(0) = 1,(0)
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P (0) = (0)

y
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x

Fig. 1. Illustration of nonisothermal membrane phenomena.

Nonisothermal Membrane Phenomena: Theory

_ Ir I,Ba
Log = T Q)
and |r| is the determinant of the matrix ryg and |r|4s is the
appropriate cofactor.
From Eq. 4 the energy flux (J.) can be rewritten as

—Je =(1/rqq)A1n T+ Z(ti/rqq)Ji

=(1/rg)AIn T+ &l ®)

where g; is the transported energy per mole of component i.
Using a similar method, from Eq. 1 we may write the
following equations for the entropy flux (J;) and the mass
flux (J;):
—Js=LugradT+ Y _ Lugrad fz,, (9a)

—Ji=Lsgrad T+ ) Lgrad fi,, (9b)
j
If the temperature difference is small we may assume that
the entropy flux is nearly constant at the steady state. We
then obtain the following approximate equations by a similar
method to that used for the energy flux:®

—Ji=LAT+Y_ LuAf, (10a)

—Ji=Li AT+ LiAfi;, (10b)
J

—Js=(1/r) AT+ 5, (10c)

where 5; is the mean transported entropy per mole of com-
ponent i. Substituting Eq. 2 into Eq. 8, we obtain an approx-
imate equation,

1 @
—Js= (m) AT+Z_:(T—m) 7, 1n

where T, is the mean temperature across the membrane:
T+(AT/2)=AT/(AInT). When Ty, is fixed at 298 K and
AT is 20 K, the fraction of the difference between Aln T and
AT/Ty, {AlnT—(AT/Ty)}/(AlnT), is about 0.0004. Un-
der these conditions Eq. 11 is a good approximate equation.
Comparing Eq. 10 with Eq. 11, we obtain

Tss = g Tm, (12a)
5 =€/Tn. (12b)

If the Onsager reciprocal relationship holds, we obtain

Lqi = Liq = ZEJLJ' = ZEjLija (132)
i J
Li=Ls=) SLi=)» _5L;. (13b)
J J
Thermal Membrane Potential (1). Using the condition

of the electrical neutrality, I=3_z;FJ;=0, from Eq. 6 the elec-
trical potential difference (A1) is expressed as follows:>®

—AyY=q"AIn T+ tAu

=nAT+Y A, 14)
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where 7; is the reduced transport number of component 7, and
n* and 7 are thermoelectric coefficients:

n=Y zLi/ (Z ZZiZjFLq‘) )
7 Y

(15a)

S 3 SR B SELED SE U AEER
i F i i
p=SaL/ (z zz,-z,-mj) Ly
i i j i

If there is no difference in the concentration of the elec-
trolyte across the membrane, from Eq. 14 —Ay/AlnT or
—AY/ATis given by

~AY/AInT=Y " 7 — siTw),
—A'I/J/AT=Z Tl(it - si)7

(15¢)

(16a)

(16b)

where s; is the partial molar entropy of component { in the
external solution. If the membrane is ideally perm-selective
for counterions, i.e., #=1, from Eq. 16 we have

—Ay/Aln T=(RTn/F)lna, + a.”, (17a)
—AY/AT = (R/F)In as + a, (17b)
for cation-exchange membranes, where
« 1 _ _
= F(e+ — $2Tm) + 10(20 — 50Tm), (18a)
1 _ _
&= 6 = S+ 10 — s0), (18b)
"= Tn. (18¢c)

Thermal Membrane Potential (2). An Alternative
Derivation of Thermal Membrane Potential Equation.
The membrane potential appearing on both sides of the mem-
brane (Ay=1(0)— (0)) is the sum of the thermal-diffusion
potential inside the membrane (A =1 (d)— (0)), and
the electrostatic-potential differences between the membrane
and the external electrolyte solution phases on both sides of

the membrane (Ay={y(0)— ()} +{w(0)—yw)}). If
there is no concentration differences and the electric current
is zero, we have from Eq. 3,

—grad P =7"grad(In T)+ > _ 7:grad ,,
=7gradT+_ Tigradi,, 19
i

where

7= ailia/ (Z Zziz,-FEj> =3 n@=) wiTn=1", (202)
i i i i

7= ala/ (Z Zzz-zj-FZij) =Y =7 [Ta=n.  (20b)
i i i

Integrating Eq. 19 from 0 to 8, we obtain the thermal-
diffusion potential (At,,) in the membrane phase,

~AYPy=> u@~5Ta)Aln T

=Y uGi —5)AT, @1
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where 5; is the partial molar entropy of component i in the
membrane phase. For 1-1 electrolytes the equilibrium po-
tential differences at two interfaces between the membrane
and the external solution phases, Ay.(d) and A.(0), can

be calculated from the theory of Donnan:'*!>
At = Afe(6) + Ay(0)
={¥(0)—p()} +{y0) - y(O)}

= £ [v+{P() — @)} + (720 - 62}

]

+3 [ (PO - PO} + {120 - 720}

all

+R(T+AT)In

+RTIn 22)
where P is the pressure If we assumed that yo(é) ud(6)=

720(0)— 1 (0) and E3(8)— 2 (8)=p2(0)— u2(0), Eq. 22 re-
duces to Eq. 23.

am (22) (BT,

Vo
+R(T+ ATy a.(8)

7 tao F

a(d)  RT, a(0)
o) T F D ao(O)}
n a+(0)

a.(0)’

(23)

If we assume that @y(d)=ap(0)=ay, a,(d)=a.(0)=a,,
a_(o)=a_(0)=a_, ao(6)=ao(0)=ay, a.(8)=a.(0)=a., and
a_(0)=a_(0)=a_, for 1-1 electrolytes thermal membrane
potential can the written as the sum of the thermal-diffu-
sion potential in the membrane phase (A1) and Donnan
potentials (Ay.(0) and Ay.(5)):

—AY=—(APy+Atk)
_¥< )RATl @_RAT1 a.
- Vo F ap F ai
+’+?T(§+ ~ Y +RInay)

AT

o s> +RIna_ )+ (50 — S0)AT
t+AT

G.—s>+Rln ay)

AT

G- — s> +RIn a_) + (o — 50)AT

=Y u@ — s)AT, (24

where Fro=v, /vy is assumed. The relationship between
Ay and AT in Eq. 24 is the same as in Eq. 16. Figure 2
schematically shows the thermal membrane potential across
a cation-exchange membrane, assuming dp=ay.

Thermoosmosis. Substituting Eq. 16 into Eq. 6 or
Eq. 10, the mass flux of component i is written as’®

—Ji= Z(L"f -
j
=3 Ly - wnF L) {G - AT+ A}, (29
J

HGF L) {(@ — 5 Tm)AInT+(Ag)r}

where L. is the electric permeability, LC—ZZz,zj i If the

difference in the chemical potential due to the composition
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exchange
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=
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Fig. 2. Ilustration of thermal membrane potential across a cation-exchange membrane assuming dgo=ao: A=A 1/Je(0)+A7ld+A1//e(5).

at a temperature constant is zero, (Ay;)r=0, the volume flux,
Jy=3"viJ;, is expressed by
I

—JV = DeA InT
=DAT, (26)

where
D=3 % wli—75 Xk:L,»ksz)(zj —5Ta),  (272)
i
b= ZZ vi(Lij — ’[szikaF')(Ej )
I .

Moreover, for cation-exchange membrane and 1-1 elec-
trolyte systems the thermoosmotic coefficients (D°) are writ-
ten by

De - De(()) +De(1) +DE(2)7 (28)

where
D°® =%oluo(@o — 50Tm)/ S, (292)
DV = —0F¢Xl,1 (@ — 50Tm)/ S, (29b)
D =@ +1- pX)u (@ — 5:Tm)/ &, (29¢)

and
Ly=g;l;/ 6, (30a)
Li= Z vilji, (30b)
7

e, =e,+e—, (30c)
Se=Ss+s-, (30d)
T =0_ + pX. (30e)

Here, ¢X is the effective concentration of fixed charges,
and [; and l,; are coefficients defined by Eqs. 30a and
30b. We may assume that [, =[,_=I,1 because the elec-
troosmosis and streaming potential tend to zero at high salt
concentrations.'® If a membrane has no fixed charges, and
the solution does not contain an electrolyte, D and D°®
disappear and we have D°=D°®. If the membrane has
fixed charges, the additional frictional interaction between

the fixed charges and water flow must be considered. The
charge effect is predicted by D*") of Eq. 29b. D*? is zero at
low electrolyte concentrations because the transport number
and the concentration of co-ions are zero in the membrane.
Since the transport number of the co-ions increases with in-
creasing concentration of the electrolyte, the absolute value
of D*® would monotonically increase with the concentra-
tion.

If cation-exchange membrane have ideal perm-selectivity
for counterions, the volume flux (J,) across the membranes
due to a temperature difference and an osmotic pressure dif-
ference can be written as

~J,=D" {(Eo — 5oTm)AInT — VQAJZ’}
=D*{Go — 50)AT — voAr}, 31)
where
D" = (1/6)@olvo — wFpXlys), (32)

If there is no osmotic pressure difference, Eq. 30 becomes

—J,=D°AlnT, (33a)
D°=(ep — s0Tm)D". (33b)
Moreover, if there is no temperature difference, Eq. 30 be-
comes
—Jy=L,Am, (34a)
L,=—voD", (34b)
where L, is the hydraulic permeability.
Therefore, if we experimentally obtain the values of D and
D*, we can estimate the value of (éy—soTm) or (5o—so):
(EO - SOTm) = (EO —50) T
=De/D*
=—D°/L,. (35)

Conclusions

(1) The equations of nonisothermal membrane phenomena
derived using a set comprising an energy flux and the coupled
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logarithmic temperature difference are practically the same
as the approximate equations derived using a set comprising
an entropy flux and the coupled-temperature difference in the
experimental errors.

(2) The thermal membrane potential could also be ex-
pressed as the sum of the thermal-diffusion potential in the
membrane phase and the Donnan potentials at both interfaces
between the membrane and the external solutions.

A part of this work was reported at Membrane Symposium
in Kyoto, 1994.

List of Symbols

The overbar refers to the membrane phase and the subscripts +,
—, and O refer to cations, anions, and water molecules respectively.
a; activity of component i
¢ concentration of component i (mol cm™>)

D thermoosmotic coefficient defined by Eq. 27b
D° thermoosmotic coefficient defined by Eq. 27a

é; transported energy per mole of component i in the mem-
brane phase (J mol™1)

Je energy flux Jem ™25 ")

J; mass flux of component i (mol cm™2s7h

Jy heat flux Jem™>s™h)

J entropy flux Jem™2s™!)

Jy volume flux (cm™2s™")

L. electric permeability: 373 z;ziLy

L1
L, hydraulic permeability (cmPa~'s™!)
1| determinant of matrix L,g
appropriate cofactor
Lqs  phenomenological coefficient
li; coefficient defined by Eq. 30a
Ly coefficient defined by Eq. 30b
P pressure (Pa)
R,p  phenomenological coefficient defined by Eq. Sa
Yap phenomenological coefficient defined by Eq. 5b

|"lqp  appropriate cofactor

S partial molar entropy of component i (JK ™! mol™!)

5 mean transported entropy per mole of component i in the
membrane (JK~! mol™!)

T absolute temperature (K)

T mean temperature: 7+AT/2 (K)

t; transport number of component i

Vi partial molar volume of component i (cm®mol ™)

a coefficient defined by Eq. 18b
a coefficient defined by Eq. 18a
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A difference across the membrane

Ay thermal-diffusion potential (V)

Avwe  Donnan potential (V)

o thickness of the membrane (cm)

7 thermoelectric coefficient defined by Eq. 15¢

n* thermoelectric coefficient defined by Eq. 15b

Ui chemical potential of component i (J mol™1)

,uio standard chemical potential of component { (Jmol™!)
)7 total chemical potential of component i (J mol™")

V4 osmotic pressure (Pa)

T7; reduced transport number of component i (mol ch

[1).4 effective concentration of fixed charges (mol cm™?)
Y electric potential (V)
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